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The above problem is solved wilth the aid of solutions of the static equatlon
of the theory of elasticity (1]
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Au+

grad diva=0 (u is the displacement vector

0 1s the Polsson's ratio ) {0.1)

In the process of solution it became necessary to find new formulas for the
transformation of solutions of Equation (0.1) from one center to another
(transfer formulas), which are not given in [1]. The solution of the bound-
ary value problem 1s sought in the form of serles with unknown coefflcients
which are determined, as in [1], from an infinite system of linear algebrailc
equations [2].

l. We are going to make use of the following axisymmetrical sclutions
taken from [1]: the so called exterlor solutions W, and Vv, , and the inte-
rior ones p, and ¢;.. They have the form { » and g are spherical coor-
dinates, er'and ey are the corresponding unit vectors

u,(r, 6) = r [p,P, (cos 0) e, + 6,5%P, (cos 0) e,] 1=1,2,..))

1.4
Vylr, 0) = FU+D) [P, (cos 0) e, — T‘j—‘ia% P, (cos 6) eo] (1=0,1,2,..) @4
Biolr ©) = 7 [Py (003 0) &, — 1, 7 P, (c0s 0) o]  @=012..)
dyy(r, 6) = £ [P, (cos 6) e, +%5%P, (cos 6) eo] (t=1,2..)

Here P, are the normalized Legendre polynomials

—2—(1—0p = —DI—(p+1) 1—2
Gg= —_— = = e
t 213 B =1 (p 2(1-:;))
p=U—-ei+3—p = PU—p—10+p—2 1.2)
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The transfer formulas (*) which express exterior 'solutions again in terms
of exterior solutions, and transfer formulas for the interior solutions are
found in a manner analogous to that shown in [1], but in this case the fol-
%gginf)transfer formulas for the spherical functions are employed (see [3])

g . oo

P (cos 0,) P, (cos 0y)
_ k-1 k!
= 2 (ry>d)

gt = 4 U k—=Dnt

i

i
rlPl (cOS 01) = Z r,kPk (OOS 02) dl—k m

k=0
As a result we obtain

o o]
upo(ra, 0g) = M d¥ e (7,00 + D) AT ppvi (n, 8) (> d)

k=l k=l—1
o (1.3)
Vzo("m 0,) = 2 a*-! VikViko 10 0y (ry>d)
k=l
l
qQip(r1s 6,) = 2 "n;dl—k Axo (ry, 6)
k=
z ' L1 (1.4)
plo('lv 8, = Z ‘szdl_k Pxo (rs, 95) + Z ‘Dzkdl-’”z 90 (ras 0y
k=0 k=1
where
S | SOV Cle ot VLI S (e okt LN -__u
= G TG —R R aTFOG=0 T ma—m

o = (k + ! [(1—9)(2kl+51+k+3)+ 2@ +1+1
=Tk =14 D RIF 1) 2k —5) GRE-D(k—1+2

+2(Pk+2p+k+3)(k+2)]
k=17 2) GF F 16k T 15)

o = ] [(p—i)(Zlk——3l+k—1)+
™ =D —k TN @I+ 1) 2k + 3)

+ 204+l +14p) _Z(Pk—k—p——2)(k—i)]
BIFHCI+FD(I—k+2) @—DEk—-3)(I—k+2)

2. Consider a boundary value problem of the static theory of elasticity
for a sphere with a nonconcentric spherical cavity (FPig.1), with the follow-
ing boundary conditions in spherical coordinates.

On the sphere 1 (uniform compression of the sphere by a given normal

force)

g,, = const = p, Opg=0Cp, =0 2.0

on the sphere 2 (free surface)

G, = 0g=0,, =0 2.2)

*) These formulas were derived by Ts.A. Kapellan.
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Bearing in mind the axial symmetry of the problem we will seek the solu-
tion (the displacement vector) in the form

oo ©
u=2 4, Plo("n 01)+ ZBI qlo(’nol) +

1 -2
=0 Rl 1=1 Rl

oo ©
+ 2 czR:lﬂ uzo(’a, 0;) + 2D¢R:l+3 vlo(’ 2, 0g) (2.3)
=1 1=0

Note . The coefficients of W,, and Q,,
are set equal to zero, since the denom&nators
of those solutions vanish.

We shall require that the boundary conditions
be satisfied (remembering that in the axisym-
metrical solutions Opp = 0).

In order to satisfy the boundary conditions Fig. 1
on sphere 1, we transfer W completely to the
varlables r, and ¢, . Using the transfer formulas {(1.3) and changing the
order of summation we obtain

k 0
r, 0 r, 0
w(n8) = D42 4 5 p I 0wt
k=0 1 k=1 Rl

-] k o k
+ D ugg (11, 0) N wp BRI+ D) vy (11, 0) Q@ v RIP D (n>d) (24)
k=1 l=1 k=g l=0
Now, let us require that
G = P, O, =0 for =R, (2.5)

where Oy, and ¥.p are computed by the well-known formulas ( r 1is the modu-
lus of elasticity)

__E (o4, g 4 _ 4 E (Oug uy 1 0u .
6"—1-‘—0\? 1—2°dlv“), U’.—-— — (-—-——-I—__’.) (2.6)
Noting that [1]

. P . . .
divu,,= ,.IT:. , div V=0, divp,,= P,r', div q;,=0 2.7)

and making use of (1.1), (2.6) and (2.7), from the boundary conditions (2.5)
we obtailn

f 4
1 o k—1 1
P [(k+ f)ak+ ¢ __20].4,‘+k_23k+1§1 ) (——if%—w.)x

k
dk—lR 1231 dk—l R 1+1
xR g SV R

R VieDy = b

m R 2.8)

k
Be—1)+2ke—1)+p k—1 (— 1)k + 1 gtlpi
P R N R B”Z; FEE—T) g Ot

k —I ples
1 k42 d 'R} _ _
+,§im7"’*""° (k=0,1,2,..))
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where

1
b = ;3_(;‘*‘%)’% B =0, 1f k=0, 8 =1) 2.9)

B¥ an analogous procedure (but using the transfer formulas (1.4) in this
case), from the boundary conditions on sphere 2

O, =0.9=0 for ry=R, (2.10)

we obtain

1 < 1
m(__i_"zc—kﬂ,,) Cy — Dy + E}km[(k+ 1) @, + 1:13]X

i B e g S =) athn AL (E—ndi* o
Rllﬂi—k ‘Plk l+l=§_l(k + 2) Rl’ R,"(k-i) oA+ Ek(k +2) R],l_’ R’-(k-l) nuBl =
(2.11)
o0
1)k +1] k2 Be—1)+2%e—1)tp _d*
k 2k —1) C"+"2'k+1D"+,Zk CkFI)(k+1) RIRE A%+

=]

[+
k—1 dl-k+2 (k _ 1) dl—k
+ opA 4 ) ——— 2= _ %, B, =0 (k=0,1,2,...)

’=§1 k Rll R,-(k-z) A = lel—jR’_(k_g) k-1 ,

Formulas (2.8) and (2.11) furnish an infinite system of linear algebralc
equations for the determination of the unknown coefficients A,, B, C, and D,.

Note 1 . To obtain equations which correspond to % = O , one should
set X = 0 1in the system, and discard the expressions which become meaning-
less for x = O, also bearing in mind that we have set: pB,= Cy= O from the
very beginning (see Note after (2.3)).

Note 2. 1Itiseasyto see thatthe system (2.8),(2.11) does not contain the
coefficlent B, since the factors at B, (x =1) become zero. Choosing B, arbitra-
rily, from Formula (2.3) we obtain solutions which differ by a constant vec-
tor, since B, 1s the coefficient of s const (it follows from (1.1) that
Qo= 9, ). This is consistent with tne fact that the solution of our bound-
ary vaiue problem is unique up to an additive constant.

Designating the linear combinations of coefficients A4, B;,C, and D,
appearing outside of the summatlon signs, by

Zges Baparr Zakens Farss K =0,1,2,..),

we obtain a system in canonical form

[.°]
B+ D) oz = by (k=0,1,2, ... (2.12)
1=0
Let us show that
§ § el < o (2.13)
k=0 =0

First we note that (see [4])

o k ]
k! 1 k-l __ k
ZZ,T(,:_—I)‘;"I'“ = 2 i+ uf<o 219
k=0 =0 k=0
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Z 2 ——”———ulk ug ¥ = Z 2 (ILIT:E’IQ! uiFugh = Z———'ﬂ——m<°° cont,
g i K — k=ol—0 K=o (1 — ua)
provided that
u, >0, us > 0, U+ ug <1 (2.1%)

If we make a designation
R,

—_— == U, _— = U

R R

the inequalities (2.15) will be satisfied and the coefficlents in our system
will differ from the expressions under the double summation signs in the
equalities (2.14) by bounded factors only. Therefore, the following will be

true ©
3 Mleml<oo
k=0 l=0

Hence, (2.13) is also satisfied. Thus the matrix of coefficients oxr Of
the system under consideration is a completely continuous operator in the
Hilbert space 1, . It follows from (2.9) that the absolute term b, also
belongs to that space. Hence, the Fredholm's alternative is valid for the
system (2.8),(2.11). However, in view of Note 2, the corresponding homoge-
neous system, which 1s obtained for P = 0, 1.e., for zero boundary condi-
tions (see (2.1) and (2.2)), can only have a trivial solution.

Hence it follows that the system (2.8),(2.11) has the unique bounded solu-
tion for arbitrary right-hand sides. This solution can be found by the meth-
od of truncation or reduction, and also by the method of successive approxi-

mat%ons (see [4], where the last statement is proved for an analogous sys-
tem).

The proof that the serles in (2.3) converge and give the solution of the
boundary value problem under conslideration is carried out in the manner
similar to that of [1].

The boundary value problems for the same domain with more general boundary
conditions can be solved in an analogous way (see (2.2) in [1]).

The author wishes to express his gratitude to S.M. Belonosov for sugges-
ting the above topic and for the discussion of the paper, and to A.M. Rodov
for valuable suggestions in writing 1t.
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